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In this paper we derive the solution of a nonlinear partial difference equation that arises in the 
recursive determination of the value of a multi-stage game called “Women and cats versus mice 
and men”. Using the solution we obtain the optimal strategies and optimal battle arrays of both 
players. Finally, we give some interpretations in terms of the game to our results. 
1. Introduction 
In Owen’s standard textbook [2] the following multi-stage game T(m, n; r, S) is 
studied. Let team I consist of m women and n cats, team II consist of r mice and 
s men. At each stage, each team chooses a representative. One of the two represen- 
tatives chosen is eliminated, according to the following rules: a woman eliminates 
a man; a man eliminates a cat; a cat eliminates a mouse; and a mouse eliminates 
a woman. The game continues until one team is reduced to having only one type 
of member. At this moment, obviously, the team which no longer has any choice 
is the loser. 
This fanciful game is called “Women and cats versus mice and men”. When m, 
n, r, s are all positive integers, its matrix is 
( 
T(m-l,n;r,s) T(m,n;r,s-1) 
. T(m,n; r- 1,s) T(m,n- 1; r,s) > 
The value of the game r(m, n; r, s), as usual, will be indicated as V(m, n; r,s). By 
game theory, V(m, n; r, s) is equal to the value of the 2 x 2 matrix game with matrix 
A= Vjm-l,n;r,s) 
( 
V(m,n;r,s-1) 
V(m,n;r-1,s) > V(m,n-l;r,s) ’ 
So the difference equation 
Vm, n ; 6 4 
(1) 
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V(m-1,n;r,s)I/(m,n-1;r,s)-I/(m,n;r-l,s)I/(m,n;r,s-1) 
~V(m-1,n;r,s)+T/(m,n-1;r,s)-I/(m,n;r-l,s)-I/(m,n;r,s-l) 
(2) 
is derived from (l), using a well-known theorem (see [2, 115.61). It is clear that 
V(m, n; r, S) satisfies the boundary conditions 
V(m,n;r,O)=V(m,n;O,s)=+l, (3) 
V(m,O;r,.s)=V(O,n;r,S)=-1, (4) 
where m, n, r, s are all positive integers. Owen considers that the nonlinear partial 
difference equation (2) is not easy to solve. 
In this paper we are going to solve equation (2) with conditions (3) and (4). Hav- 
ing the solution of this equation, the optimal strategies and the optimal battle arrays 
of both players can be obtained immediately. Finally, we shall give interesting inter- 
pretations in terms of the game to our results. 
2. Main results 
Theorem 1. The solution V(m, n; r, s) of equation (2) with conditions (3) and (4) is: 
V(m,n;r,s)= C E. “_,’ ,(m+5-1)(n::r,li)/(m+:++sr_+s-2) (5) 
where m, n, r, s are all nonnegative integers such that 
(mn)2 + (rs)2 # 0, and Ei = L -1, ifi<s- 1, +I, if ils. 
To establish this theorem, we prove the following lemma first, 
Lemma 2. Zf V(m,n; r,s) is defined as (5), then 
V(m,n; r,s)= V(n,m; r,s), 
V(m,n; r,s)= V(m,n;s,r). 
Proof. I-et p = min(m + s - 1, n + s - 1); then 
(6) 
(7) 
= V(n, m; r,s). 
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Denote Ej=EE,+s_i_jr i.e. 
&j’ = r +l, if jln- 1, -1, ifjrn. 
Then one has 
This means that 
V(m,n;r,.s)=-V(r,s;m,n). (8) 
By (8) and (6), we have 
I/(m,n;r,s)=-V(r,s;m,n) 
= - V(s, r; m, n) 
= V(m,n; .s,r). 
So this lemma is true. q 
Proof of Theorem 1. Now we begin to prove Theorem 1: Let I+z,n; T,.s) be defined 
as (5). When s = 0, by Vandermonde’s Identity 
where k is a nonnegative integer [l , p. 321, we have 
V(m,n; r,O)= c :;d(m~1)(~‘:r:>i(“+n”‘:-2)=l. 
By Lemma 2 and (8), we see that V(m, n; r, s) satisfies the other identities of (3) and 
(4), too. 
When m, n, r, s are all positive integers, we have 
V(m- 1,n; r,s)- V(m,n; r- 1,s) 
n+s-1 
= m+r_ 1 [v(m,n- 1; r,s)- V(m,n; r,s- 1)l. 
Thus 
V(m-1,n;r,s)V(m,n-1;r,s)-V(m,n;r-1,s)V(m,n;~,s-1) 
=V(m,n-1;r,~)[V(m-1,n;r,s)-V(m,n;r-1,s)] 
+ V(m,n; r- l,.s)[V(m,n- 1; r,s)- V(m,n; r,s- l)] 
(9) 
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1 
= 
rn+r-I 
[V(m,n- 1; r,s)- V(m,n; r,s- l)] 
x [(n+s- -l)l/(m,n-l;r,s)+(m+r-l)l/(m,n;r-l,s)] 
= m+:_ 1 ]V(m,n- 1; r,s)- Wwn; r,s- 111 
x(m+n+r+s-2)V(m,n;r,s) 
=[I/(m-1,n;r,s)+I/(m,n-1;r,s)-I/(m,n;r-l,s)-I/(m,n;r,s-1)] 
x V(m, n; r,s). 
z. Wang 
The theorem is completely proved. 0 
Corollary 3. The optimal strategies X and Y of the players I and II are 
(m+s-l,n+r-l)/(m+n+r+s-2) and (m+r-l,n+s-l)/(m+n+r+s-2), 
respectively. 
Proof. Let J be the vector (1, l), and A* be the adjoint of the matrix A (defined as 
(1)); then X=JA*/JA*JT [2, Theorem 115.61, i.e., 
X= CV( m,n-l;r,s)-V(m,n;r-l,s),V(m-l,n,r,s)-V(m,n;r,s-l)) 
V(m- 1,n; r,s)+ V(m,n- 1; r,s)- V(m,n; r- l,s)- V(m,n; r,s- 1) ’ 
BY (6) and (9), 
V(m,n- 1; r,s)- V(m,n;r- 1,s) 
= V(n- 1,m; r,s)- V(n,m; r- 1,s) 
Wl-kS-l 
zz n+r_ 1 [v(n,m- 1; r,S)- Un,m; r,S- 1N 
Wl+s-1 
= n+r_ 1 [VW- 1, n; r,s)- V(m,n; r,s- l)]. 
Hence, X=(m+s-l,n+r-l)/(m+n+r+s-2). By a similar argument Y= 
(m+r-l,n+s-l)/(m+n+r+s-2) and the proof is complete. 0 
Corollary 4. For any given positive integers r, s and c = m + n, the value V(m, n ; r, s) 
obtains its maximum if and only if Im -nl = 1 (when c is odd) or m =n (when c is 
even). Similarly, for any given positive integers m, n and d = r+s, the value 
V(m, n; r,s) obtains its minimum if and only if ir-.s = 1 (when d is odd) or r=s 
(when d is even). 
Proof. By (5) and Vandermonde’s Identity, 
V(m+ 1,n; r,s)- V(m,n+ 1; r,s) 
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This identity means that V(m + 1, n; r, s) - V(m, n + 1; r,s) > 0 if and only if n > m, 
i.e., V(m, n; r, s) obtains its maximum if and only if Irn - n / = 1 or rn = n. The proof 
of the second half is similar. 0 
3. Some interpretations 
In the light of Lemma 2, we see that the two types of representatives (woman and 
cat for player I, mouse and man for player II) have the same fighting power in our 
game. 
By virtue of Corollary 4, if the total number of women and cats is constant, the 
optimal battle array of player I is when the quantitative difference between women 
and cats is the smallest possible. For player II, the case is similar. 
Finally, it is worth noting that, although V(km, kn; km, kn) = kV(m, n; m, n) = 0 
for any positive integers k, m, n, V(m, n; r,s) is not a homogeneous function of the 
variables m, n, r, s. 
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